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We have derived the equations for finding characteristic exponents in

the case of simple resonance of a linear quasistatic system of second
order differential equations with periodic coefficients. For a certain
class of equations we investigate the stability on the conjugate

resonant frequencies. We consider the effect of friction on the stabjlity
of solutions. Following [1], for a wider class of systems we show that
the introduction of friction, or an increase of friction already intro-
duced, may result in turning a stable solution into an unstable one.

This phenomenon takes place only in combination resonances; it does not
occur in the case of simple resonance.

1. Let us consider a system of differential equations

2y oy
St RN 8 G 4+ €+ PO Y =0 (1.1)

Here Y is an m-dimensional vector, p 2> 0 and © > 0 are real para-
meters, C is a diagonal matrix and msz >0

2 .. .0 oo
. r ikt
== (0. A .2) , N (T) = 2 Nye

m k=-00
N (T -+ 27) = N (1), Ny =Iv O™, 3ol hv, < oo (1.2)
k=-00
Pr+2m=P®, P®= Y P’ Po=|a™ S Pl < oo
k=-cc k=-c0

The coefficients in (1)1) are real for real values of T.

Definition 1.1. We shall refer to the system of equations (1.1) and
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(1.2) as belonging to class M (i.e. mechanical systems), if its charac-
teristic exponents [2, p.168] are located symmetrically with respect to
the imaginary axis.

In Definition 1.1 the condition of symmetry of characteristic ex-
ponents may be replaced by the condition of symmetry of multipliers,
which are the roots of the characteristic equation [2, p.165], with re-
spect to the unit circle.

System (1.1), describing a reversible mechanical process, will always
be of class M. If the Hill’s determinant [3], formed for system (1.1),
is real for p = iw and Im w = 0, then system (1.1) belongs to class M.

Let us indicate particular cases of systems of class M.

1) A system of equations (1.1) does not change its form if t is re-
placed by -t. For that it is sufficient to let

P(—t)=P(r), N(—1t)=-—N(1) (1.3)
2) System (1.1) is self-conjugate. For that it is sufficient to let
P*(ty= P (1), N* (1) = — N (v) = const (1.4)

3) An arbitrary system reducible to (1.3) and (1.4) by the trans-
formation

X=B@®Y, Det B (1) =0, B(t 4 2n671) = B (1) (1.5)

where the matrices B(t) and B‘l(t) are bounded, together with their first
and second derivatives for t & lo, 2m6~1],

The characteristic exponents of system (1.1) are determinate up to
an additive term k6i (k = 0, 1, %2, ...). They fall into 2m groups
which for u = 0 have the form

Lu’s':}‘kel,"_lms‘\i_kel (s‘:iv"'vmyk:O, ii,iZ,..~) (1'6)

The characteristic exponents are located in the complex plane sym-
metrically with respect to the real axis. They change their position
continuously with the continuous change of parameters u and €. The null
solution of system (1.1) of class M cannot be asymptotically stable for
t - + o, If there is an unbounded solution of the form

exp {pit} @1 () (Repy, >0, @ (¢t + 2n87Y) =0 (1)

then there necessarily exists a solution of the form
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@, (1) exp{pst} (Re py = — Re p; <0, Im p, = Im py, @, (t + 2n07Y) =@, (1))

When the parameters u and € approach the boundary of the region of
instability, the characteristic exponents Py and Py approach the imagin-
ary axis from opposite sides. The exponents coincide when the point of
parameters p and © reaches the boundary of the instability region. Hence,
the equation of the boundary of the instability region of system (1.1)
of class M can be obtained from the condition of multiplicity of charac-
teristic exponents. For p = 0 the condition of coincidence of character-
istic exponents has the form

o, o, | =0, Goh=1,..,mn=01,2...) (1.7

For mj = w, we have the case of simple resonance; if . # @, the re-
sonance is referred to as combination resonance [2, p.341]. The paper
concerns itself with the case of resonance when, for a given 60, rela-
tion (1.7) is fulfilled for a unique set of values of j, h and n and a
choice of sign in (1.7).

For a system of equations (1.1) of class M we always have
Ve = (s=1,...,m) (1.8)

Definition 1.2. A system of equations (1.1) in which the quadratic
form

f @a -~ s Up) = YENGY >0 for Y*Y 20 (1.9)

is positive definite shall be referred to as a system of class M with
friction, if it belongs to class M for N0 = 0.

1f (1.9) is fulfilled we have Vs§0) >0 (s=1, ..., m). For the
characteristic exponent P (K, 0), where

p,(0,0.)=u)si, o)s-_!-mh#:ke. th=14,....mk=+1,+2,...) (1.10)
in the first approximation we obtain the equation
P wndp ol + 0@ =0 (1.11)

For u ~ 0 we have

Re p, = Re(— 0.5 uv @ ¢ i Vo2 + pn,Y 4 0 () <0 (1.12)
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Therefore, the question of stability of system (1.1) is solved only
through the "resonating" exponents p. which are close to twj for small
values of ]u’ and IG - 601, The region of instability of a system of
class ¥ can be found from the condition Re p. > 0. Let us note that, as
a rule, solutions of a system of class M are unstable on the boundary
of the region of instability. Solutions of a system of class M with
friction are always stable.

Definition 1.3. A frequency €, will be referred to as strongly stable
[4], if for matrices N'(t) and P (1), which are arbitrary but varied to
a sufficiently small extent in (1.1)

(N —=N@|<le, [PE—PE)[<e (— oo Lt o) (1.13)

and which allow system (1.1) to remain in class M, the solutions of
system (1.1) will be stable for all values of § and p satisfying the
condition

10 —80] <9, 0 <Y, >0 (1.14)
where € and & are some positive numbers.

Only a denumerable number of resonant frequencies, namely those of
the form (1.7), may not be strongly stable.

Definition 1.4. A frequency 00 will be referred to as strongly un-
stable, if, for matrices N'(T) and P’ (1), which are arbitrary but
varied to a sufficiently small extent in (1.1), which satisfy (1.13)
and which allow the system (1.1) to remain in class M for any & > 0 and
§ > 0, the values of © and u can be found from (1.14) such that the
solutions of system (1.1) will be unstable.

In this case a wide region of instability will be adjacent to the
resonant frequency 60.

Let us agree to call the constant symmetric matrix C a simple posi-
tive definite matrix, if a positive definite quadratic form corresponds
to it.

2. Below we consider basically the combindtion resonance with fre-
quencies 6, which are close to the resonant frequency

60=6n'i,h=n“|w5+mhl (2.1)

The formulas for another resonant frequency 60'

00 =0, % p=nllo;—0, ,  ©;>0, 2.2)
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can be obtained from the formulas for case (2.1) if @, is replaced by
-©,. The frequencies an,j,h and e;'j'h will be called conjugate fre-
quencies,

We look for the solution of system (1.1) in the form of a vector
serijes

) Y1
Y (t) — ept 2 YseaiOt' Yk — ( ) (2-3)
8 =-00 ykm
Substituting Y(t) from (2.3) into (1.1) and setting the coefficients
at different exponents equal to zero, we find an infinite system of
linear algebraic equations

(E@+ kP +ClY,+p D N, (p+s8)+ P, 1Y, =0

8==—00

k=0, +1,+2,...) (2.4)

Let us change from (2.4) to scalar notation and introduce the de-
signations

dy (k) = [(p + k6 4 0 2], o= & (p 1 s0i) 2 P (2.5)

Equations (2.4), solved for Ypor tBke the form

ke = — Rdg (k)z 2 fltye (k=0,+1,2¢2, ..., a=1,2,...,m (2.6)

r=1 §=—00

We consider system (2.6) in the region
fpi <e, 0 —0,41 <e,, [p— iw;| e 2.7

It is assumed all the time that, given 60 and 90'. relations (2.1)
and (2.2) are fulfilled only for a unique set of values of j, h, n
(j, h=1,2, ..., m; n=1, 2, ...). For sufficiently small values of
€,, €, and €, 8ll the functions da(k) (2.5) will be bounded in region
(2.7) except two: d.(0) and dp(-n), (2.1) and (2.5). In the latter ones
the denominators become equal to zero for § = 60 and p = iwj. Let us
exclude the two equations with the indices k = 0, « = j and & = — n,
&« = h from system (2.6). The remaining equations will form a completely
regular system [5. p.167] for sufficiently small values of &, &, and
€, in (2.7)

yka = p'da. (k) 2 2’ fah;"s'ysr - p’da (k) [fak yOJ + / » —ny-nh] (28)

r=1 8=—00
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Here and below the stroke in the sum means that in the summation the
terms with indices r = j, s =0 and r = h, s = — n are omitted. The
solution of system (2.8) can be obtained by the method of successjive
approximations [5, p.lGO]. We have

Vo= |y B L SN 4, 9 30— Doy +

r=1 8§=—00

m oo
e @ik Y Y wwE o~ i, e

r=] s=—o0

Substituting (2.9) into the remaining two equations

m [e ]
[(p+4 K0P+ 02 gy + 10 D) D) f5%, =0 (2.10)
r=1 s=—00
with indices k = 0, o = j, k = -~ n and ¢ = h we obtain the system
anYy; + ayopn = 0, anYo; ¥ 02Y_pp = 0 (2.11)

The known quantities a .y (s, k = 1, 2) have the form

m (o)
ag =p+ 0f +pf —p2 X D 054, () 170 + 0 (@)

r=1 §=-—00

m oo
g = REE Tt — w2 DU 0%, () 15T+ 0 @) (2.12)

r=1 $:=—00

m
a9 = angn'o —p? 2 Z fh;n'sdr(s) fr;’o + 0 W)

r=1 s=—rx

m oo
ag = (p— n0)? +wy? + pufy T X D (9 LT+ 0 @)
r=1s=—00

The condition for the existence of the non-zero solution of system
(2.11) is

31892 — Q1285 = 0 (2.13)

Equation (2.13) will permit the determination of characteristic ex-
ponents which are close to iwj in region (2.7). The same equation could
be obtained from formula (1.8) [6]. The derivation given here is simpler.

3. Here and below we will always assume that for given 60 and 60' in
(2.1) and (2.2), the values of j, h and n can be chosen in a unique way
(except for the interchange of places of mj and Wp). Let us set in
(2.13) and (2.12)

p=iw; + iz, 8 =0,+ A, 6, =n7! (‘Dj + @) (3.1)
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with the accuracy up to small values O(n). Equation (2.12) takes the
form

. (0) ) _ ) (n) o
v+ o, — 22 vy ) joy, | —o 5.2
iv, ™+ “h(j_n) fo; i — i [ 0y — 22 + 2hn

fiquation (3.2) can be obtained from a more general equation (5.8) [3].
For the resonance part of 60‘ (2.2) the equation for characteristic ex-
ponents differs from (3.2) only by the sign at w,. Let us introduce the
designation

ﬂh(_— ) N 7 .’(‘n)
¢ = ( ) (-_(DL - ivj,‘;”> (3.3)
)

The bar denotes the complex conjugate. Quadratic equation (3.2) has
the solution

(0) (0)
. L Ty T ) - (0) .
B 7;{ b N I
() (0} N t,
;5 T e (D o)) . )
{(_(_:_ N ) — 2 ) — i (3.4)

©p

For system (1.1) of class M without friction vj].“” = vt =
Since z and zy must be located symmetrically with respect to the real
axis, the expression under the radical sign in (3.4) must be real for
Im A =90, i.e. Im g = 0 (3.3). Hence we have the theorem.

Theorem 3.1. In order for system (1.1) to belong to class M it is
necessary that

) oy
Inlg:;hn<wh’ %—w%4”)(-ﬂ__—%v£”)::0 (3.5)
Y o,

Theorem 3.2. In order for system (1.1) to belong to class M for all
possible positive definite diagonal matrices C, it is necessary that
in (1.1)

(1)
J

o

a
arg " - arg argv, 0 — = arg v — L (mod n) (3.6)

/ 2
Conditions (3.5) and (3.6) are fulfilled in cases (1.3) and (1.4).

For a system (1.1) of class M without friction, on the boundary of
the region of instability the expression under the radical sign is equal
to zero. Hence, it follows that
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10) (0)

1 [ =, n —
e L [73/_ POy Ve (3.9)

where g is determined in (3.3). Let us consider the case of a system
(1.1) of class M in which N(1) = 0

2Y
e T CHpP(B))Y =0 w=0 (3.8)
From formula (3.7), Where vjh‘") = v-ﬁ") = 0, follows the theorem.

J

Theorem 3.3. For a system of equations (3.8) of class M with & posi-
tive definite diagonal matrix C:

1) The frequency € = en,j L (2.1) will be strongly stable for

e <0 (3.9)
2) The frequency & = Gn ik (2.1) will be strongly unstable for

M >0 (3.10)
3) The frequency 6 = . ik (2.2) will be strongly stable if (3.10)

is fulfilled.

4) The frequency & = B N (2.2) will be strongly unstable if (3,9)
is fulfilled.

The last two statements of the theorem follow from the fact that for
the conjugate frequence 6; i, ke the expression for g (3.3) changes the
sign.

System (3.8) with a positive definite matrix € can be reduced to the
system with a diagonal matrix C by a linear transformation of form (1.5).
Hence, from Theorem 3.3 follows the theorem.

Theorem 3.4. If for a system of equations (3.8) of class M with a
positive definite matrix C one of the frequencies 60 and 60‘ (2.1) and
(2.2) is strongly stable, then its conjugate frequency will be strongly
unstable; and vice versa, if one of the frequencies 60 and 60' is
strongly unstable, then its conjugate frequency will be strongly stable
(provided that the assumptions made at the beginning of the section are
fulfilled).

Example 3.1. For a system of two equations
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d_;ztl_z1_+ 0%y ¢ 1 (cosOt — 2c0s208) y; =0 (3.11)
d::!tl; P 0y, + p(— 3cosOt+4cos200)y; =0, , > 0y

by comparison with (1.1) and (1.2) we find

1,V =05, w0 =—15  70,P=—1, 7,®=2 (3.12)
From Theorem 3.3 it follows that the frequencies
0, = o, $ o, 0q = 0.5 (0, + o) (3.13)
are strongly stable, and the frequencies
0* = 0, — , 0% = 0.5 (0, — ®,) (3.14)
are the only strongly unstable ones.

For a canonical system of differential equations (3.8), where P(T) =
P*(T), we have

™=y ™, g = TV ™M ey, ™0 (3.15)

Therefore, the following theorem is valid.

Theorem 3.5. If in a system (3.8) of class M with a diagonal positive
definite matrix C:

1) The matrix P(T) is symmetric P(T) = P*(T), then the frequencies
60 (2.1) cannot be strongly stable, and their conjugate frequencies 60‘
(2.2) cannot be strongly unstable.

2) The matrix P(T) is skew-symmetric P(t) = — P*(t), then the fre-
quencies 60 (2.1) cannot be strongly unstable, and the frequencies 00'
(2.2) cannot be strongly stable.

Statement 1 follows from a theorem due to Krein [2, p.353] and [4,
p.493].

Note that if matrices PI(T) and P2(T) in (3.8) cause some frequency
60 to be strongly unstable, the total perturbation matrix P(T)

P (1) = Py (7) + P2 (1) (3.16)

may make the same frequency strongly stable.
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We are assuming that all the systems of equations (3.8) with matrices
Po(ry, 2{1) and Pty (3.16) are of class ¥

Example 3.2. For a system of two differeantial equations ¢3.8) the

frequency 90 = W) + @, Wwill be strongly unstable for the perturbation
matrices Pg(T) and P (7)

& 2cos 63‘)

P00 = ( cos 62 Q

P, (00 = ( 0 - CO8 81)

-~ 2eos B2 0 34D

For a system (3.8) with the total perturbation matrix P(T) (3.16) the
frequency 60 = @, * @, will be strongly stable.

Consider a system (1,1) of class ¥, if P(7) = ¢

V,de-+-uN @0 dY/dt + CY = 0 (3.18

The following theorems are the consequence of formulas (3.7) and
(3.3).

Theorem 3.6, For a system of equations (3.18) of class ¥ with a
diagonal positive definite matrix C:

1) The frequencies G”J) p (2.1) and 6; y. R (2.2) will be strongly
stable for

v, <0 (3.19)

2) The frequencies 8 )k (2.1) and Gn J.h (2.2) will be strongly un-
stable for

wiy Vil >0 (3.20)

Theorem 3.7. For a system of equations (3.18) of class M with an
arbitrary positive definite matrix C, both conjugate frequencies Bn’ h
and 6' h are either simultaneously strongly stable, or 51multaneously
strgﬂgly unstable, or are simultanecusly neither strongly stable, nor
strongly unstable,

Theorem 3.8. Let the matrix € in a system (3.18) of class M be
diagona]l and positive definite,

1y If the matrix N(r) is symmetriec N* = N, then a}l the frequencies
en,j,h (2.1} and 6;,;,& (2.2) capnot be strongly stable.

2) If the matrix N{v) is skew-symmetric N* = ~ N, then all the fre-
quencies 0 I (2.1) and 82 ik (2.2) cannot be strongly unstable.
1 r ? ’



The danger of combination resonances 1755

The proof of the theorem follows from the fact that for a symmetric
matrix N(T) condition (3.20) is fulfilled, and for a skew-symmetric

matrix condition (3.19) is fulfilled, including the equality sign in

the case vjin)vh}“") = 0.

Example 3.3. For a system of differential equations

Py, | di? 2sin0t — 4sin201) dyy / dt + oy, =0
% +n( S{n Sl.n ) dys [ dt + o’y (@ >o0) (3.21)
d?y, [ d® 4 p (6 sin®t 4 8 sin 20¢t) dy, / dt -+ WPy, = 0
by comparison with (1.2) we find

vV = — i, v'® = 2i, vy, P = — 3i, vy = — 4 (3.22)

The frequencies
0; =0, + 0, 0.*=0,—0, (3.23)
will be strongly stable, and the frequencies
0, = 0.5 (0, + ), 8,* = 0.5 (0, — @) (3.24)
will be strongly unstable.

A similar simple relation of stability for mutually conjugate fre-
quencies does not exist in the general case of a system (1.1). Note
that the perturbations, which are the matrices N (T) and P(T), which,
acting separately, cause neither strong stability nor strong instability,
may cause both effects when acting together. Obviously, the quantity g
(3.3) is an invariant for transformations of the form (1.5).

4. Let us consider the stability of equations of class M with
friction. The inequality containing real a, b and ¢

ImVa+f ib>c>0 (4.1)

can be transformed into the form
b2 > 42 (2 + a) (4.2)

Solutions of a system of equations (1,1) may be unstable for

(0) (0)
Vi > 0 and vp,°’ >0, if

2

om0 0 O o
Im[( R LL.LINNS S (ij — Van) — 2kn) ——4g] >(ij +Vpr) >0 (4.3)

(l)j (07N

Corresponding to inequality (4.3), an inequality of the form (4.2),
solved for A becomes
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Ao <A <A, (4.4)

(0)y2 /a
i((v P v g— (w0 4 vh(’?)y) J (4.5)

n ) )

Ay = ._)1’7[“,31_ 4 Jun

“ U’j [OF

0y, 10}
i 31 Thh

where ¢ is defined by formula (3.3). The value of the expresSion under
the radical sign in (4.5) for arbitrarily small values of v..9) > 0,
Vi (0) > 0 may be arbitrarily large. The expansion of the region of in-
stablllty may take place gnly for v, (0) # 12 (0) and j # h, i.e. in the
case of combination resonance. The expans1on 1tself occurs on account
of a change in the relation between vj;O) and thO)

This interesting phenomenon was first noticed in L1} where its basic
properties were demonstrated on a system of equations much simpler than
those of class M.

If ; <0, i.e. if the solutions of system (1,1) without friction are
strongly stable, they will remain strongly stable (4.5) when friction
is introduced. Let g > g, i.e. let the frequency 6 be strongly unstable.
From (3.4) we find the expansion of quantities Im z1 2 for small vJ(o)

(0) J
and Vih

Im 2 4= Us [v (0) + v, un +a(a? — 45,)—/ (v o) _. ,Vh(o))] + 0 1\’ (0) (24 |V (0) ) (4.6)

where

n [Ql] (0}
o hh o
g I e (4.7)

iU; U)"

In the region of stability of system (!.1) without friction, i.e.
for o’ -~ 4g > 0 when g " U one can always choose the numbers v.(0),
Vh£0) in such a way that the coefficient at the imaginary part of one
of the roots zy will be negative. Then the solutions will become un-

stable,

, 2

Comparing formulas (1.8) and (3.7) we arrive at the following theorem.

Theorem 4.1, If in a system (1.1) of class M with a positive definite
diagonal matrix C a certain frequency 9, = 8 (2.1) has a wide range
of instability adjacent to it

n:j:h

0o+ PAy 4 O () <O <0, 4 phy + O (@), Apdy = const, A — Ay #0 (4.8)

then upon introduction of friction v,{®) > o and vhﬁo’ > p, the bound-
aries 61 , of the region of instability in the plane of parameters u, 6
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takes the form

(e — A2 1
dnv OV (0 T 4n?
4»\{'.’, . vh(h. ) 4n

0, =086+ p (’i‘;r—}‘l) +p (v 4 i) ( >+ O@y) (4.9

Theorem 4.2. If in a system of equations (1.1) of class M with a
positive definite matrix C:

1) A certain frequency 60 is strongly stable, then the introduction
of sufficiently small friction will keep it strongly stable.

2) A certain combination frequency is strongly unstable, then the
introduction of friction can always lead to a widening of the region of
instability for sufficiently small values of p > 0.

Theorem 4.2 shows the special danger of combination resonances, since
in real systems a small friction is always present.

In the relatively recent past the combination frequency was not being
given sufficient consideration, as for instance in [7].

5. Let us look into the analyticity of the boundaries of the insta-
bility region. Suppose that the boundaries of the region of instability
in the plane p, O for a system (1.1) of class M are found by the method
of small parameter. The question arises about the possibility of con-
structing the boundaries of the region of instability Gl(“) and Bz(u),
where 61(0) = 92(0) = 0° in the form of series of integer powers of u.
If in equation (3.2) the infinitesimal terms of higher order are re-
tained, then in formula (3.7) the expression under the radical sign will
contain an additional function O(n). For the equations of class M this
function will be real for Im z = Im A = 0. If g > 0, then, setting the
expression under the radical sign in (3.7) equal to zero, one can always
solve the resulting equation for A. We obtain two real expressions for
A, i.e. for (Glnz(u) - uo)“—l which are analytic for p = 0. Hence, we
have the theorem.

Theorem 5.1. If in a system of equations {1.1) of class M for a
certain resonant frequency 60 or 60‘ (2.1) and (2.2) (assuming that the
conditions of Section 3 are fulfilled) the expression for g (3.3) is
positive, then this strongly unstable frequency will border on a region
of instability with boundaries 01(“) and 62(“)‘ Here Bl(u) and 62(u) are
analytic functions of pu in the sufficiently small neighborhood of the
point p = 0.

Note 5.1. The condition g > 0 is in a way a necessary one, as can be
seen from the following example. With additional restrictions imposed
upon a system (1.1) of class ¥ (for instance, the requirement that the
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equations be canonical) the condition g » 0 will only be sufficient for
the analyticity of 61(“) and 62(u) at the point u = 0.

Example 5.1. Consider a system of differential equations

dzyl/dt2 -+ (Dlzyl + 2(113/2 cos 6t = 0,

d2ya/dt? 4+ we?ys 4 2asyy cos 6t = 0 (5.1)
®) >0, 0 =0, 4+ 0, a; =0, ay =0
Expressions (2.12) with accuracy up to O(a12a22) have the form
ay = pt 40— a0, [(p+ 0)? 4+ 0?14 0 (a,%), Ay = dy (5.2)
@y = (p — 0i)* + @2 — aya, [(p — 20i)2 4 0]+ O (ay%as?), gy = &y
Setting p = io, + iz and 6 = 90 + A, we obtain from (2.13)
A — l/ %0 12 0 32 %2
2= £ o10n +_4mﬂm(m1ﬁ-mﬁ +0 (@’ (5.3)
If oy = Ma,, o = u2a2, aa, 0, then the equations of the bound-
aries (5.3) for pu > 0 take the form
hy pe aza, ’
A= BV s g 0 " 5.4
+ = Zanas (@1 + 03 +0®? (5.4)

In this case g = 0, the expressions el(u) and ez(u) for the bound-
aries have an algebraic singular point for ¢ = 0.

In conclusion,

let us note that some introductory questions were

treated in a fashion analogous to [8], and the analyticity of the bound-
ary for a canonical system was investigated in [9].
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